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ON THE STABILITY O F  THE EQUILIBRIUM O F  A 
HOMOGENEOUS PHASE 
BY ,PAUL SAUREL 
In his memoir On the Equilibrium of Heterogeneous Sub- 
stances, Gibbs has given the conditions which must be satisfied 
by a homogeneous phase in equilibrium in order that this equilib- 
rium be stable. As the section of Gibbs’s memoir in which these 
conditioiis are established’ does not seem to be as well known as 
some of the other portions of that work, the following discussion 
of the criteria of stability may be of interest. The attentive 
reader will not fail to note that our demonstrations, though dif- 
ferent in form, are, in substance, the same as those of Gibbs. 
The fundamental assumption concerning a homogeneous 
phase in equilibrium is that its energy E is a continuous one- 
valued function of its entropy 7, its volume u, and the masses 
mI, vz2, , . ,, m, of its independent components. 
E =f( . r ,  v ,  m,, m,, - 1  m , ) .  ( 1 )  
This assumption is one of the many forms of the so-called prin- 
ciple of continuity. 
Prom equation I it follows that if we consider two adjacent 
states of equilibrium of the homogeneous phase, the change in 
energy Ae that accompanies the transformation from one of these 
states to the other is given by the equation 
In symbols 
n 
af av- A E = - A T + - A v +  av av  
Trans. Conn. Acad. 3, 156-172 (1876). 
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in which A,, A v  and the Am’s are the changes in the eritropy, 
the volume and the masses of the independent components. 
The omitted terms are of the third and higher orders. 
To obtain the various forms of the criterion of stability, it 
is sufficient to make the following assumption : In  order that the 
equilibrium of the homogeneous phase be stable, it is necessary 
and sufficient that the expression in brackets in equation 2 be 
positive for all values of A,, Av and the Am’s. In other words, 
the expression in question must be a positive quadratic form. If 
we represent the quadratic function by P, the condition of sta- 
bility is given by the inequality 
P > 0. ( 3 )  
Instead of saying that P is a positive quadratic form, Gibbs 
makes the equivalent statement’ that the stability of the honio- 
geneous phase depends upon the same conditions in regard to 
the second differential coefficients of the energy regarded as a 
function of the entropy, the volume and the masses of the sev- 
eral components, which would make the energy a minimum, if 
t h e  necessary conditions in regard to the first differential coeffi- 
cients were fulfilled. 
The condition of stability can be expressed in a variety of 
other forms which we shall now develop. 
I n  the first place, the tempetature t of the phase in equilib- 
rium, its pressure# and the chemical potentials pz of its coni- 
ponents are given by the equations 
. 
These equations enable us to write equation 2 in  the form 
n 
From this equation and the fundamental inequality 3 it follows 
that the condition of stability can be written in the form* 
1. c. p. 163. 
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Again, it follows without difficulty from equations 4 that 
z =  1 
T o  show this we observe that equations 4 yield at once the 
equations 
,=I 
in which the omitted terms are of the second and higher orders. 
If we multiply these equations by AT, Av, Am, and add, we see 
that, if we neglect terms of the third and higher orders, equa- 
tion 7 will hold. From this equation and inequality 3 we ob- 
tain at once the following form for the criterion of stability : I 
n 
AtAy - A p A v  + 2 AptAm, > 0. ( 9 )  
This condition yields at once the following familiar theorems : 
If a homogeneous phase of constant mass, in stable equilib- 
rium, be heated or cooled under constant pressure or under con- 
stant volume, the changes in temperature and in entropy have 
the same sign. 
If a homogeneous phase of constant mass, in stable equilib- 
rium, be compressed or expanded isothermally or adiabatically, 
the changes in pressure and in volume have opposite signs, 
Another interesting result is obtained by supposing that all 
t = 1  
1. c. p. 168. 
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of the masses but one remain unchanged, and that the tempera- 
ture or the entropy and the pressure or the volume also remain 
unchanged. 
ACLAm, > 0. (10) 
The inequality then reduces to the form 
Thus, at constant temperature or entropy and under constant 
pressure or volume, an increase in the mass of one of the com- 
ponents increases the chemical potential of that coniporlent. 
This result can be stated in a more striking form if we adopt the 
suggestion of Perrin’ and define the chemical affinity of the 
phase for one of its components as the negative of the chemical 
potential of that component. We may then say that the affinity 
of the phase for one of its components is diminished by the ad- 
tion of that component to the phase. 
Although the form of the function which appears in equa- 
ticn I is unknown, it is nevertheless easy to show that i t  must 
be homogeneous and of the first degree. We may therefore write 
z = 1  
or, in virtue of equations 4, 
From this equation it follows that 
Z = I  
Equations 5 and 7 enable us to write this in the form 
1 Trait6 de Chiniie Physique, I ,  244 (1903) 
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and this yields a new form for the criterion of stability: * 
VAt - 
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(14) 
The introduction of the free energy $, the heat function 
and the thermodynamic potential f defined by the equations 
$ = e - tq, (16) 
will enable us to express the condition of stability in three other 
ways. 
From equation 16 we get 
h e  = A+ + tAr] + VAt f AtAq. 
In  virtue of this relation equation 5 becomes 
n 
A$ + 7At  + j A v -  2 piAm,  + ALA7 II= +P) 
t = 1  
so that the condition of stability takes the form 
n 
i=  I 
Two special cases of equation 20  are of interest. If t re- 
mains constant, equation 2 0  becomes 
n 
[ A s  + p A v  -2  PA^,]^- + [ P I t ,  (22) 
i = x  
in which the subscript indicates that t is supposed to remain 
constant, We thus find2 that if the equilibrium is stable 
Trans. Conn. Acad. 3, 164 (1876). 
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n 
[A$ + pa  2, - 2 t c Z A 7 4  t > 0. ( 2 3 )  
If, on the other hand, 7~ and the m’s remain constant, equation 
2 0  becomes 
From equation 7, however, we have 
equation 24 therefore becomes 
From .this it follows at.otice’ that if the equilibrium is stable 
z = 1  
[A+ + qat] v ,m + [AfAq] v , m  9 [ P ] v ,  m .  (24)  
[AfAql v , m  = [PI  z1,m ; ( 2 5 )  
[A+ + qAtI. , ,  = - i [ P ] v , m .  ( 2 6 )  
[A$ + qAt]v,m < 0. ( 2 7 )  
Having thus shown that, if the equilibrium is stable, in- 
equalities 2 3  and 2 7  hold, we shall now show that, conversely, 
if inequalities 23 and 27 hold, then the equilibrium will be 
stable. T o  show this it will be syfficient to show that equa- 
tion 20 is a consequence of equations 2 2  and 24; for i t  then 
follows at once that, if 23 and 27 are satisfied, so also will be 
the condition of stability 9. 
To show that equation 2 0  is a consequence of equations 2 2  
and 24, let us cause the homogeneous phase to pass from one 
state of stable equilibrium to an adjacent state of stable equilib- 
rium and let us suppose that the change in question consists of 
two partial changes, during the first of which t reiliains 
constant, while during the second z! and the m’s remain con- 
stant. For the first change equation 2 2  will hold, while for the 
second change we may write the equation which is obtained 
from 24 by replacing + and rl by .I. + [A+], and + [Av],. If 
we add these equations and omit terms of the third and higher 
orders we find that for the total change the following equation 
holds : 
A+ + ,At -t P A D  - 2 t 4 ~  + Af[Aq] t  + A t [ A 7 1 l . , ~  n 
a =  I 
1. c. p. 165. 
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But 
and 
[ A ~ l t  + [ A ~ l v , m  = Av, 
[PI, + [P]v,m=P, 
if we neglect terms of the third and higher orders. Equation 
2 8  thus transforms at once into equation 20.  Equation 2 0  is 
thus a consequence of equations 22 and 24; i t  follows that when- 
ever conditions 2 3  and 27 are satisfied so also is the condition of 
stability 9.' 
The  consideration of the function x yields analogous con- 
ditions. 
( 2 9 )  
From equation 17 we get 
I 
A€ = Ax -#Av - vAP - APAV, 
and this, taken in connection with equation 5, gives 
n 
A x - V A p - t A  -- 2 pzAm, - APAv = +P. ( 3 0 )  
a =  I 
We thus get the following condition analogous to condition 21 
Ax - vAP - tAV - @mi- APAv > 0. ( 3 1 )  22 z =  I 
From equation 30 we get the two special results : 
n 
LAX - - 2 pAm,], =+[PI,, 
and, if we observe that 
equation 33 yields the inequality 
1. c .  p. 165. 
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[Ax - vA PI 7 ,  m < 0. (36) 
By a demonstration in all respects similar to the one by which 
we showed that conditions 2 3  and 27  are equivalent to the con- 
dition of stability 9, it can be shown that conditions 34 and 36 
are also equivalent to that condition of stability. 
Finally, from equation 18 we get 
A€ = A[ + tAv f T , J A ~ - P A Z J  - vAP + AtAv - APAv,  (37) 
and this, with equation 5 ,  gives 
n 
We thus get the condition of stability in the form 
n 
A[ + vAt - v ~ p  - 2 tc,Am, + ~ t ~ v  - ~ p ~ v  > 0. ( 3 9 )  
z =  I 
From equation 38 we also derive the equations 
n 
Bearing in mind the fact that 
we get at once the following conditions : I 
1 =  1 
[AC+vAt--vAplti l<o. (44) 
By a demonstration similar to those employed for + and for x,  
i t  can be shown that conditions 43 and 44 are equivalent to the 
condition of stability 9. 
Interesting results are obtained if we apply the general 
criteria to the special case of a homogeneous phase of constant 
1. c. p. 166. 
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mass and invariable composition. 
and 44 give us the conditions 
Inequalities 6, 23, 27, 34, 36 
[ A ~ - - A v + p A u ] m > o ;  (45) 
(46) 
(47) 
(48) 
In 45 let us replace A€  by the value obtained from equation 
2 by making the m’s constant. If, in addition, we make use of 
equations 4 and replace the symbol f by E ,  we get as the condi- 
tion of stability 
[A$ + p A v ] ,  m > 0,  
[AX - tAvlp, m > 0,  
[A$ + 7 4 , m  < 0 ; 
[AX --.Ai+] ’1, m < 0 ; 
[A[ + vAt-- -  v A ~ ] ,  < 0. 
This, of course, is a particular case of the fundamental as- 
The necessary and sufficient conditions that this sumption 3. 
inequality be verified for all values of A7 and Avare 
From these conditions i t  follows that 
aZ6 
a v2 - > 0. 
In like manner, if we consider $r as a function of 1 and v, 
we may replace A+ in the first of conditions 46 by 
and in the second of these conditions by 
a* az+ 
at -At + dl” At2. 
If we make use of the fact that 
conditions 46 reduce to I 
1. c. p. 165. 
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As a consequence of these we have 
If we regard x as a function of $ and q, and observe that 
conditions 47 reduce to 
from which follows at once 
Finally, if we consider l as a function of t and$ and make 
use of the relations 
condition 48 reduces to 
The  necessary and sufficient conditions for this inequality to 
hold are 
from which follows at once 
Trevor has recently given' an interesting method of obtain- 
ing the conditions 52, 53, 54, 55, 57 and 58, which here appear 
as special cases of Gibbs's general criteria of stability. 
New Yort ,  April 2,  1904. 
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